Fields and Waves

Fields and Waves Crib Sheet

Basic Properties of Waves

Speed of light in vacuum u, =~ 3 x 108m/s

Phase Constant

Wavelength

w 2t u

ﬁ = — /1 - = —
u B f

Euler’s Formula: e/® = cos 6 + jsin 8

Lossless Transmission Lines

Telegrapher’s Equations
9] 0

— = — —I
aZV(Z, t) lat (z,t)

aI( t) = aV t
97/ B ) = —c5 V(0

Voltage Wave Phasor
V(z) =V*te IPz 4+ y=etibz

V(z) =V*te Bz + T,V +etiF?

Characteristic Impedance

Ve Vg i

Reflection Coefficient
_ Vo Iy _ Z, = Zy

O LW TR L
Voltage Standing Wave Ratio Wave Velocity
SWR=|Vmax|=|V0+|+|V0_|=1+|F| u=i=vf-uc
Viminl Vo'l =1V 1—1T] Vic
Input Impedance Time-Average Power
;g ZutiZytan(BL) V1

in =207 "7, tan(BL)

P = Paiv +PJV = 27 (1 - |F|2)
0

Zin for Open Circuit Termination

Zin = —JZo cot(BL)

Zin for Short Circuit Termination

Zin = jZo tan(BL)

Input Impedance: L =2/2

Input Impedance: L =2/4

ZZ
Zin = ZL Zin = —0
Zy
Incident Instantaneous Power Reflected Instantaneous Power
] V+ 2 V+ 2
Pi(z,t) = — | cos?(wt — fz+ ¢™) P"(z,t) = —|F|2| 0|
ZO ZO

cos’(wt + Bz + ¢+ +6,)
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Lossy Transmission Lines

Voltage Wave Phasor
V(z)=Vte V2 + V- etVz

V(z)=V*te V2 + T, Vtetr?

Propagation Constant

y=a+jB= \/(r+ja)l)(g+jwc)

e VZ = e—aze—jﬁz

Characteristic Impedance

’r+jwl
ZOZ .
g+ jwc

Heaviside Condition

Low-Loss Line Conditions

r<jwl; g < jwc

Low-Loss Attenuation
r

CZ=2—ZO

Low-Loss Characteristic Impedance

l
Zy = E(1 —szwl)

Attenuation on Dispersionless Lines

-rfi
a—rl

Bounce Diagram
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Vector Math

Cartesian Cylindrical . .
Symbol : . Spherical Coordinates
y Coordinates Coordinates P
Coordinate Variables XY, Z T,¢,2 r,0,¢
Vector Representation A AR+ A9+ A2 AR+ Ay + A2 AR+ A0 + Ay
Magnitude of A 4| |42 + 43 + 42 [AR + 4G + A7 |47 + 45 + A5
.- - XoR + yo¥ + 202 rof + 2,2 1ot
Position Vector 0Py for Po = (Xo, Yo, Z0) for Po = (ro, do, Zo) for Po = (ro, 80, o)
R-R=9-y=2-2=1 ?.iz@\.@:ﬁ-ﬁ:l f'-i:?\-bj\:@-&:l
R:y=9-2=2-Z=0 Tp=¢p-2=2-7=0 70=0-¢p=¢p-7=0
Unit Vector Properties KxXy=2 Px¢p=2 Fx0=¢
yX2=% q)xﬁz? Ox¢p=t
Zxx=y 2xP=¢ dxP=0
Dot Product A-B A.B, + AyB, + A,B, A;B, +AyBy + A,B, A.B, + AgBg + AyBy
. (Asz - Asz)jz (A¢Bz - AZB¢)?A (AGB¢ - A¢39)i
Cross Product AxXB — (AB, — A,B,)y — (A;B, — A,B) —(A,By — AyB,)0
+ (AxB, — A,B,)2 + (A,By — AyB, )2 +(A,By — AgB,)
Differential Length dl Rdx +§dy +2dz fdr+$rdp +2dz Pdr+0rdo+ ¢rsind dp
dS, = £dy dz dS, =#rdepdz dS, = #r?sinf do d¢
Differential Surface Area ds dS, =y dx dz dS, = ¢ dr dz dS, = @ rsin dr d¢
dS, = 2dx dy dS, = 27 dr d¢ S, = rdrde
Differential Volume dv dx dy dz rdrdg dz r2 sinf dr d6 d¢
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Vector Operators

Symbol | Cartesian Coordinates Cylindrical Coordinates Spherical Coordinates
_ _ of _ of _ of _ of . 10f . of . of . lof o 1 of -
Gradient vf ﬁ +@y+£z 5r+ra¢ + Z ar +;@0+r5m96¢¢
1 0(r%E.)
r2  or
_ oL dF, 0F, 0F, 16F¢, F, 0
Divergence V-F o Ty oz (F) aZ +r5m9%(F95m9)
1 0F,
+rsin9%
dF, OF)\ __ 10F, 0F)\ 1 /0 _ dFy\ .
<6y (?Z)x <r 0¢ az>r rsind (%(Fd,sme)—%)r
curl % F dF, 0F,\ _ oF. OF, .. 11 0F 0 g
ur X (F-%)7 (a‘a(g—r)) ++ (w05~ 3r )
0F, OF,\ 1(0(rFy) R\ 1/0(rFy) OF. -
+<6x 6y>z +r( or 64))2 +;( or —%)qb
140/ 0f
(2L
2 2 2 2 26 (r 67‘2 a af
_ R 0%F, 0°F, 0%F, 19 af 0%F, of
1 of
Electrostatics
@D'd5=fffpdV=Qenc V-D=p
$E-dl = VXE=0
D =€k =8.85x 1072 F/m
Coulomb’s Law
Field of point charge q: Force on charge q, from charge q;:
= q > d1492
E= r Fi, = r
4mer? 127 fmer?
Potential
b,
= _vy V(b)—V(a)z—fE-dl
a
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Electrostatic Boundary Conditions*

Din — Dan = ps Eyy = Ey

*Assuming material 1 is on the top/right and material 2 is on the bottom/left.

Material 1 T " figy
s Material 2 Material 1
Material 2
Capacitance and Electric Energy
Capacitance Electric Energy Density
Q 1 2
C = V We = EElEl

Total Electric Energy
1 - 1
W, = JIf e|E| av = 5 cv?

Laplace’s & Poisson’s Equations + Finite Difference

Laplace’s Equation Poisson’s Equation
V2V =0 V2 = —g
Laplace Equation Solver Poisson Equation Solver
1 1 ph?
Vcenter = Z (ZVneighbors) Vcenter = Z <2Vneighbors - T
Current Flow
Microscopic Ohm’s Law Resistance
- = V
] =oF R = 7




Fields and Waves

Magnetostatics

$EF-dS=0 V-BE=0
$H-dl = [[]-dS = I VxH=]
B :‘uﬁ Ho =4-71'><10_7 H/m
Magnetic Vector Potential
B=VxA4 =B -dS=FA- dl

Flux, Flux Linkage, Inductance & Faraday’s Law

Flux: Flux Linkage:
w=[B dS A= Ny
Emf=—Lﬂ E‘mf=—d—A

dt dt
Differential Form of Faraday’s Law: Integral Form of Faraday’s Law:
FxE=-2 §EF-di =~ f[B-as
A
=71

Magnetostatic Boundary Conditions*

Bin = Ban gy X (Hye — Hye) = s
*Assuming material 1 is on the top/right and material 2 is on the bottom/left. 7i,; points from material 2 to material 1.

Magnetic Circuits

Magnetomotive Force (MMF): Reluctance:
— l
Vin = NI R=—
UA
NI = YR

Magnetic Energy and Force

Magnetic Energy Density: Total Magnetic Energy:
-2
1B 1 -0 1
_ - . W, = dV = =LI?
W > 1 2M|H| m fff Wm 2
Force due to Magnetic Energy Pressure: Force on a Point Charge:
F = —VW,, = w,, - Area F =q(® xB)
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Magnetization Curves
Surface area = iron losses

B reluctant
“strength” of A

I

I A
permanent magngts |

I

|

I

pa 7,” //7_ ;

y_ 4B

(a) Hard material

I
‘permanent Figure 5:23 “iron like”

(b) Soft material

magnet like”
Constants
€0 = 8.85x 1072 F/m Uo =41 X 1077 H/m
Mo = +/Ho/€o = 3774 c~3x108m/s
Full Version of Maxwell’s Equations
Integral Form Differential Form
. .. . 0D S n_ 2, 9D
55H-dl=f]-dS+fE-dS VXH=]+_
$B-dS=0 V-B=0
L . d N - - 0B
E-dl=——])B-dS =
$ i) VxE=——
ﬁl_))'ds_z:ﬁpdv‘:Qenc V'BZp
Conduction Current Displacement Current
2 2 2 " oD .
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Complex Permittivity and EM Waves in Lossy Media

Complex Permittivity

€. =€ — je"', where e’ = eand e” =%

Skin Depth Intrinsic Impedance
5y =+ [E|
s — n=-r=
* |A|
u= 1 1= 21
Jue' B
Low-Loss Dielectrics
— < 0.01 = E
€’ €
a = % % B = w,/ue
Good Conductor
EII a
—>100 n=~0+j)=
€’ o

a = ./nfuc

B = Jnfuc

EM Waves and Energy
Magnetic Field Electric Field
- . E ~ o
H=kx-— E=—(kxnH)
n
Poynting Vector S
ynting vee P=f(5-ﬁ)dA
S=EXH A
P =|3Acos8 = I
= Ccos av 2
Time-Average Power Density in Lossy Media
~12
— |E| e—Zaz
2n

Sav
S
R
rerrerr————-
Terr———r-
errerrerr——————-
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Wave Polarization

Polarization Phasor Expression:
E(2) = (a % + ayel®9)e /¥

Linear Polarization Inclination Angle (y):

Y =tan™? <a_y>

Ay

For linear polarization: 6§ = 0, +m
For circular polarization (for propagation
in +2):

When § = +§: left-handed
When § = —gz right-handed

Elliptical Polarization Auxiliary Angle (yo):

a
Y, = tan~1 (2

Ay

Elliptical Polarization Rotation Angle (y):

tan 2y = (tan 2y,) cos &
(for —g <y< g)

Elliptical Polarization Ellipticity Angle (¥):
sin 2y = (sin 21),) sin
(for —% <x< %)
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Wave Propagation, Reflection and Transmission

In Lossless Media: y = k = 27"

w
u

Refractive Index: n = /¢,

Wave Phasor with E pointed in x and
propagating in z:
E\(2) = Etx(e "% 4+ Te"1?)

Propagation Constant
Yi=ki=a;+jp;

Normal Incidence Reflection

Normal Incidence Transmission

Coefficient Coefficient
_EE_nz—nl_verl—verz _ _Eg_ 21,
=—= = T=1 +T = =

EyZ2 Mtn1 e +VéEr Ey m2+m
Snell’s Law Parallel Polarization Reflection
k,sinf; = k, sin6, Coefficient:
n, sin 6, =1;12 sin 6, [ T2c0s 6, — 1, cos 6,
=70 = 5, cos6, +n, cos b,
Parallel Polarization Transmission Perpendicular Polarization Reflection
Coefficient: Coefficient:
7 = 21, €0s 6, _ 11208 0, — 1, cos B,
12 €0S 6 ";Z; 205 01 + 7 p,cos0; + 1, cos B,
2
141, =
1= Tl eos 0,
Perpendicular Polarization Critical Angle:
Transmission Coefficient:
€ n
T, = 27]2 CoSs 91 Hc — Sin—l _2 — Sin—l (_2>
1, cos 8, + 1 cos B, €1 n

1+FJ_=TJ_

Perpendicular Brewster Angle:

1 [e

if 4y = Uy: 0 = tan™

* B = k for wave propagation in free space or lossless materials

10




